MATH162 - Summer 2007 /2008
Outline Solutions to Tutorial Sheet - Week 4

(i)  1st order, 1st degree. (b) (i)  4th order, 1st degree.

(i) Dependent variable: z; (i) Dependent variable: y;

Independent variable: t. Independent variable: Not specified.

iii) Linear with non-constant coefficients. (iii) Non-linear.

(

(i)  2nd order, 1st degree.

(i) Dependent variable: u; Independent variable: t.
(

iii) Non-linear.

(b) y=cicosz+cesinz

(a) y=ce'” =y = dcet”.
Therefore, LHS = 4ce®® = Y =-—cisinz+cpcosa
=4y = y"”" = —cjcosx — caysin.
— RHES. Thus, LHS = —¢j cosx — casina + ¢y cosx + cosinz
=0
= RHS.
(¢) y=>5tanbe = ¢ =25sec®ba. Now, RHS = 25 + 25 tan? 5z
= 25sec? bx
=9’ = LHS.
., 1/3 —2/3 / . .
rosla) e = (G Y

Therefore, y' = % is the least order DE.
Y

d 222 d 222 +1
Y _ it == & _ Y Tt Variables separable. Therefore, we have
dx T dx x
dy 22*+1 d 1
Yy € Y T
Integrating, hy=2>+lnzt+c = y= Aze™”.
When x =1 and y = 2, we have: 2=Ale = A=21

Therefore, y = —xe
e

()

x2

3 3
xy’ + 3y = 2% is linear in y and we can write y + —y = z, with p(z) == and ¢(z) = .
x T
3
We calculate the integrating factor R(x) = exp (/ —dw) = edne — 43
x

d - d (3 3 4
Now we solve E(Ry) = Rq(z), i.e., . (2%y) = 2°.x = 2"

5
Integrating, we get xy = % +c.

7/: ry _ y/:c
v Rl Y

(homogeneous).

Let v = 2. Then y = vz and 3y = v’z + v, and the DE becomes
x

_— v , v—v+v3 i (1-2?%) dz
Vrtr==—rrror = Vr=———— = v -
1—0? 1—0? v3 x

d -2
Integrating: /(v_3 —v ) dv = & = —UT —Injv|=Inlz|+¢
T

$2 2

“22 —1n|%| =In|z|+e¢ or e 27 = Ay.



(¢) ¢ —ytanz =1 is linear with p(z) = — tanz and ¢(z) = 1.

We need to find the integrating factor: R(z) = exp </ _sme d:v) = CoS .
cosx
d
Thus we have . (ycosx) = cosx
x
Integrating, we get ycosz =sinx +c¢
(a) Linear and Separable (b) Separable (¢) Linear

(d) Linear and Separable (e) Homogeneous

(a) Auxiliary Equation: m? —4=0 = m=+2
Therefore, y = y. = Ae?** + Be 2%,

(b) Auxiliary Equation: m* +m+1=0 = m=—"——— = ——+ TZ

Therefore, y = e 2" <A oS (?m) + Bsin <?m>>

() Auxiliary Equation: m? —2m+1=0 = m=1,1
Therefore, y = (A + Bx)e”

For complementary function y.: m?> +4m+9=0 = m=—-24+/5i
Therefore, 1y, = e 2® (A cos bz + Bsin \/596)

For particular integral y,,: Yp = (:102 + 3:10) ... Type 1l

D24+4D+9

B 1

o 4D , D2
9(1+?r+‘§)

This can be done by binomial expansion or long division.

(:102 + 3:10)

Using Long Division: 1 — % + £D%+ ...
4b , D?
1+ 450
4D D?
_ 4 _ D2
9 9
_ 4D EDQ

31 Lp2
1 4D 7 1 19 94
Therefore, y, = 9 (1 -3 + ﬁD ) (z* +3z) = 5 ( 5 81)

1 19 94

Therefore, y=y.+yp, =¢€" 2z (ACOS\/_:C—l—Bsm\/—:v) §( +§$_8_1)

(a) Auxiliary equation: m* +3m+2=0 = m=-2,—-1
Hence y.= Ae ?* + Be™*

1 4
-~ e Type2,a=4
Yp D2—|—3D—|—28 ype 4, a
e4x 641
TA253x4+2 30

4z

Therefore, y = y. +yp = Ae” 2 L Be™* 4 63_0

(b) Auxiliary equation: m* +4m +5=0 = m=—-2+i

Hence y.=e **(Asinz + Bcosx). Continued over...



1

yp:m'SCOS(E ...Type4,a:1,D2—>—(12):—1
1 D-1

:m'SCOS(E Soyp=2ﬁ-cosx
8 1 D-1 _,Db-1

—4 Dil1 D_1 COST = ) COST

= —1(—sinz — cosx) = sinx + cosx

Therefore, y =y, +y, = e **(Asinz + Bcosx) +sinz + cos .

1 3
(¢) Auxiliary equation: Yv= D2 up’ .- Type 1
m24+dm=0 = m=0,—4 :l _1 3
Hence y. = Ae’ + Be™** ]f Dl + 41
_ A B —4x = — — . (ES
- l l 1— 9 D_2 _ D_3 c 3
4D 4 16 64
11 ;s 322 3z 3
S P B T
4D 4 8 32
1 23 322 3
4[4 4 16 32
4. 12 2 322 32
Therefore,y:yc+yp:A+Be4 +Z I—Z—Fﬁ—ﬁ}
10. Solving as 2nd order y-absent:
dy dp d?y
Let p= — — =
NPT U = dv  dx?
d
Therefore, d_p — p = €%* which is linear.
x
Find the integrating factor R = e™*.
d
Therefore, we have d—(pe_w) =e' = pet=e"4+A
x
d 2z
Hence, il =¥ LAt = y= c + Ae® + B.
dz 2
Solving as 2nd order linear with constant coefficients:
For complementary function y.: m?>—-m=0 = m(m-1)=0 = m=0,1
Therefore, y, = Ae" + Be® = A+ Be®
1
For particular integral y,: Yp = me% ... Type 2
B 621
222
- 621
2
621
Therefore, y =y, +y, = A+ Be” + -
The solutions for the different methods are the same!
d d d?
11. 2nd order, z-absent. Let p = il == p—p = _y'
dx dy  da?
dp dp 1+ p? 2p
Therefore, 2yp— =1+p? — L= separable) — =-d
L P W~ 2up (sep ) 11,7 Y
Integrate In (1+ p?) =Iny+c (c=1InA)
or p==+Ay —1
H W Ay=T ble) = dy +d
ence, - = — separable ———— = +dz
dx Y P VAy — 1

Integrate 2¢/Ay—1=4+Az+ B



