Exact answers

A few expres-
sions like these
can be evalu-
ated exactly _ |
sin5; In1; €% 9,
for example (what
are the answers?)
| but most can-
not.

Chapter

Taylor Series

B10.1 Introduction
Bi1011 Approximation by polynomials

Suppose we are asked to evaluate an expression such as

1.3 P—=

sin02 or In37 or e or 1.7

How do we do it?

The answer in practice is usually: Use a calculator! But in il
section of the course, we will probe more deeply into the ques.

There are at least two issues here. First, the calculator, noatter
how sophisticated, will only give answers to a xed number adecimal
places (typically about 8), while the exact answers to all the above
problems would requirein nite decimal expansions. What would we
do if we needed to know the result of a calculation to greatercauracy
than is given by our calculator|such as sin0:2 to 30 decimal places?
The second, related, issue is the question of how the caldoladoes its
computations. If we understand how it does, then we will be &b to
use the same method to get the same results, or more accurate if
we need them.

What is the secret of accurate and e cient evaluation of expes-
sions like those above? How are the expressions usually esstd by
calculators and computers? The answer iBy evaluating appropriate
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polynomials Investigating just what this answers means and how the
process works in practice is the main theme of this chapter.
Before proceeding with this, let us revise the idea of a polgmial.

§10.1.2 Some revision on polynomials

A polynomial is any functionf de ned by a formula of the form
f(X)= anx"+ a, X" T+ + aX®+ X + a;

where ag; a;; ay; ‘a, 1,8, are xed real numbers called thecoe -
cients of f, and wheren, the highest power ofx, is called thedegree
of f . Some examples are:

f(x)=2x*+3x3 x2 x+1; of degree 4
f(x)= x+2; ofdegree i
f(x)= x¥+ x¥+3x? x*+3x; of degree 19
f(x)=2; of degree 0
It is important to understand that polynomials are, in a straght-
forward sense, theeasiestfunctions of all to evaluate, and that we can
moreover easily evaluate thenexactly, or at least to whatever degree
of accuracy we require. This is because the only operationseated in
evaluating them are the arithmetic operations of additionsubtraction,
multiplication and exponentiation (or raising to an intege power), and

these operations are simple and yield exact answers.
For example, consider our rst polynomial from above,

f(x)=2x*+3x> x% x+1;

and suppose that we want to nd the value off (2). This is easy: the
value is

2 2+3 22 22 2+1

2 16+3 8 4 2+1

32+24 4 2+1
= B1;

and, as noted, only routine arithmetic is needed for the caltation.
Of course, if we wanted to know the value of at a more compli-
cated value|consider evaluating f (2:01785342), say|then the arith-
metic would be correspondingly more complicated, but it wdd still be
essentially routine.
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If e ciency of calculation is a concern (it's not our main corcern
in these notes), it is even possible to avoid exponentiatiofsuch as
the calculation of 2, 22 and 2 above) in the evaluation process, using
addition, subtraction and multiplication only. To see this note that we
can rewrite our polynomialf in the following way:

f(x) = 2x*+3x> x? x+1

= 2x3+3x> x 1x+1

(2x*+3x 1)x 1)x+1

(2x+3)x 1)x I)x+1:
We now nd

f2Q) = (2 2+3) 2 1) 2 1) 2+1
= ((7 2 1) 2 1) 2+1
= (13 2 1) 2+1
= 25 2+1
= bl,

as before, but without the use of exponentiation.

f1013 A polynomial approximation example

Contrast now the evaluation of polynomials with the evaluabn of other
familiar functions|the trigonometric functions, the expo nential and
the logarithm, for example. Here, as the examples quoted d&tée start
of the chapter remind us, exact evaluation igmpossiblein nearly every
case. In short: polynomials are easy and non-polynomialseanard!

This brings us back to our main theme. As we noted brie y eandir,
there is asystematicprocedure for nding ponnorBials which give good
approximationsto functions such as six, Inx, €, " x and many others.
Once we have discovered this method, our problems are solvbdcause,
as we have just seen, polynomials can be evaluated easily aodany
desired degree of accuracy.

Jumping ahead a little, here is an illustration in the case afinx. This
is an illustration not of the processof nding the desired polynomials,
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which we will discuss soon, but of theesult of the process when applied
to the given function sinx. Examine the following table carefully.

x3 x3  x°
X X — |x —+

6 6 1—20 SINX

0 0 0 0

0:0001| 0:00009999 0:00009999 || 0:00009999

0:001 | 0:00099999 0:00099999 | 0:00099999

0:01 | 0:00999983 0:00999983 || 0:00999983

0:1 | 0:09983333 0:09983341 || 0:09983341]

1 0:83333333 0:84166666 || 0:84147098

We have used three polynomials,

x3 x3  x®
X; X 5 and x 6+120’

of degrees 1, 3 and 5, respectively, to approximate sinfor a range of

values ofx between 0 and 1. We have truncated all calculations to 8

decimal places, except those whose values we can expresstixasing

fewer places.

Note from the table that

the accuracy of the approximations increases with the degref
the polynomials, and

the accuracy of each polynomial is greatest whenis near 0, and
decreases ag moves away from O.

We will see that these two features are typical of the appraoxiations
we develop.

The central problem remaining then isxow to nd the polynomialg
we arenot suggesting that the three polynomials we just introduced
were obvious choices! We will investigate this problem afte little
more revision.
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§10.1.4 Factoriak

Recall that if k is a positive integer, then the numberfactorial Kk,
denoted byk!, is de ned by the formula

k=1 23 (k 2) (k 1) k

That is, k! is the product of all the integers from 1 up tok, inclusive.
Some examples are

5'=1 2 3 4 5=120;
6!=1 2 3 45 6=720

It is also standard, and as we will see, useful, to de ne
or=1:
One reason for this de nition is so that the formula
(k+1)!'= ki(k+1);

which holds fork = 1;2;3;:::, should remain true fork = 0 also. The
formula certainly holds fork 1, because

(k+1)'=1 23 (k 2) (k 1) k (k+1)= ki(k+1);
and if we de ne 0! = 1, then also
1'=1=1 1=0! 1;

meaning that the formula holds fork = 0 too. We will shortly see
another, related, point which explains more directly why tle de nition
of 0! as 1 is useful in the present context.
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§10.1.5 Notation for derivatives

Also, recall the following standard notations for derivatres, especially
the higher-order derivatives:

f D (x) = % = 1st derivative of f:

d’f
(2 = - = ivati .
f“(x) e 2nd derivative of f;
f®(x) = of _ 3rd derivative of f;
dx3 ’
f ©(x) = 't _ kth derivative of f;
dxk ’

In the cases of the rst few of these derivatives, we also of e often
use the alternative notations with prime superscripts,

fO); £ %),

but we normally change to the form with bracketed numerical iger-
scripts for derivatives after the third.

We will shortly see that it is useful to extend our notation a ittle
further. Rather as we de ned a special value fok! whenk = 0, we also
nd it useful to allow the use of the notation f (X (x) in the case when
k = 0. We simply agree that the functionf is its own Oth derivative|
the result of di erentiating f zero times|after which it is natural to

de ne
fO =

0102 Maclaurin Polynomials

f1021 A preliminary exploration

Consider the general polynomial

f(X)= anx"+ a, X" T+ 4 ax?+ agx®+ ax?+ ax + ag
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of degreen. By careful calculation, we will show howf can be recon-
structed just from the values of its derivatives atx = 0.

Calculating the derivatives (and using our de nition off © for the
rst of them), we nd

fOMX) = ax"+a, x" '+

+ agx* + agx3 + ax® + ayx + ap;

fO(x) = na,x" *+(n 1a, x" 2+
+4a,x3+3agx® +2ax + 1ay;

f@(x) = n(n 1ax" 2+(n 1)(n 2)a, x" 3+
+(4)(3) ax®+(3)(2) asx +(2)(1) a;

f@(x) = nin 1 2)ax" 3
+(n 1)(n 2)(n 3)a, x" ‘+
+(4)(3)(2) ax + (3)(2)(1) as;

fOOx) = nin 1)(n 2) (3)(2)anx

+(n (i 2)(n 3) Q)R an 1;

W) = n(n D 2) GB))Q)an

Further, it should be clear that all derivatives of order hidgner than n
are 0.

Now, evaluating the derivatives atx = 0 (and using our de nition
of 0! for the rst of them), we nd

fO0) = a
= 0!ap;
fOO) = 1) a

f@0) = 20 a
= 2l a;



0! andf ©

Note that our
de nitions of O!
and f©@  were
crucial in obtain-
ing an expression
for ax which holds

uniformly for
all values of k,
including 0.
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fP0) = 3)2Q) a
= 3lasz;

fOD0) = (n )(n 2(h 3 B@)D)an 1
= (n Dla, g

f™MO) = nn D 2) D) a
= nlay;

or, in general,
fRO) = kk Dk 2) @)2)D)a
= klay;

fork=0;1;2;3;:::;n 1;n.
Rearranging the last equation, we nd

_ F1(0).
Tk

fork=0;1;2;3;:::;n 1;n.

Thus we have managed to nd an expression for th&th coe -
cient a, of f in terms of the kth derivative f ®)(0) of f at 0, for
k =0;1,2,:::;n. Therefore, we can rewrite the formula de ningf
itself in terms of these expressions, and we nd:

n 1

f (x X" + X" T+ 4 a4+ ax? 4 apx +
adn dn 1 3 2 1 do

(n) (n 1
F00) o, "0 oy,
n! (n 1)
®) @) () ©)
L 120 s, 190 . 17O, 70
3! 2! 1! 0]
X £ ®(0)

— k.
= Kl X"
k=0

In summary, we have found:



The name

The Maclaurin
polynomials  are
named after the
Scottish math-
ematician and
physicist Colin
Maclaurin (1698{
1746).

10.2. MACLAURIN POLYNOMIALS

If f is a polynomial of degreen, then

X ®(0)

o e

f(x)=

k=0

01022 The general Maclaurin polynomial

10{9

The analysis above gave us an exact expression fop@ynomial f in
terms of the values of the derivatives of at 0. Can we obtain an exact
formula of this kind for other functionsf? The answer is no, for a
simple reason: we can only obtain an exact formula of this ldnif f is
a polynomial because of the very fact that the formulaxpresses as

a polynomial

But although for a non-polynomialf it is impossible to nd an exact
formula for f of the above type, we can nevertheless use the formula as
a model to produce a polynomial whichapproximatesf . This brings

us to the following important de nition.

Maclaurin Polynomials

The Maclaurin polynomial of degree

function f is the polynomialP,, of degreen given by

©) @ (@)
100 o, 190) ., 90 ,

n for the

Pn(X)

3!

X' (k)
F0)
K!

k=0

0! 1! 2!
©) (n)
L0, L PO,

n!
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Note that the de nition makes sense only if the given functio f can
be di erentiated at least n times at x = 0.

It can be shown that for most of the functiond that we encounter
frequently, the Maclaurin polynomials give good approxint#ons to f
near 0, and, as in Example 10.1, the approximations

are best closest to 0, and
improve as the degre@ increases.

However, proving this, and quantifying the accuracy of the approxima-
tions, is beyond the scope of this course. We will make a few rao
comments later on the numerical accuracy of the approximatns given

by Maclaurin polynomials, but overall our emphasis will be @ comput-

ing and computing with the polynomials.

§10.2.3 Examples

Find the Maclaurin polynomials Py; P1; P, and P3 for f (x) = €.

We need to nd f (0), f40), f°00) and f °%0). (Why?) Calculating
these, we nd:
8

f(x):e?‘;g %HO)ZEO:L
fqx)= e, = fq0) = e° =1;
and so
fofx) = eX;E E fo%0)=1;
f %) = e’ - ) =1:
Therefore,
Po(x) = f(0)
= ]_’
Pi(x) = f(0)+ fq0)x
= 1+1 X
= 1+ x;
Py(x) = f(0)+ fY0)x + fo;?)xz

—_ 1 2
= 1+1 x+5 X
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Solution

Why In(1 + x)?

We develop a
Maclaurin polyno-
mial for In(1 + x)

rather than for
Inx, since the
function Inx has
no Maclaurin poly-
nomials (Why

not?)
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%2
= 1+ x+§

f (0)+ f YO)x +

2 X3
1+ x+ E"‘ ?

Pa(x) 0, T

The following graphs showf (x) = € and the four Maclaurin poly-
nomials that we have just computed. As expected, the apprariations
are best near 0 and improve as their degrees increase. Notattthe
graphs ofe* and P3(x) are virtually the same over the interval from %

1
to 1.

17 f() = e
I RO) ——
L5
, R(Y
I L P.(¥
e —— 1 R
) ' 1 ., 1 2

Find the Maclaurin polynomial of degree 4 fof (x) =In(1 + Xx).

P4(x) = f (0) + fq0)x +

0 0 4
f;?) 2 f 060) f (0) 4 We have

3l 41
9 8
f(X)—ln(1+ X); f(0)=In1=0;
f9x) = % fq0)=1;
)= (1+ x)2’ _ andso _ TR0 = I
9 = (1+ x)3’ % f%0) = 2
32
f @ (X) = (1 + X)4; ' T f@ (0) = 6
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Therefore,
—_ 1 2 2 3 6 4
Psx) = 0+1 x Zx +§x mx
x2 x3 x4
= —+ —
X 273 7

The graphs off (x) = In(1 + x), P1(x), P2(x) and P3(x) are shown
in the diagram below. (Note that we have omittedP,(x) itself from
the diagram, because its addition makes the graph a bit crowd.) You
should observe how the formulae de nind?;(x), P»(x) and P3(x) can
be obtained with no extra calculation by simply truncating te later
terms appropriately from the expression de ningP(x).

We can see that the polynomial approximations deteriorateuickly
asx moves away from the origin, but that the higher-degree Madlain
polynomials remain better approximations over larger intevals.

P(X P.(¥)
11 f(x) = In(1+x)
-1 “0 1 2
B PO

Using a calculator, evaluatef (x) = € and its Maclaurin polynomials
Pl, P2, P3, P4 and P5 at x = 01, 0:5 and 1.0.

We computed Py, P1, P, and P; above in Example 10.2, and similar
calculations forP, and Ps yield the following:

Pi(X) = 1+ x;

2

E;

2 X3

P3(x) = 1+ x+ §+ 30

1+ x+

P2(x)
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1 2 X3 X4.
B TR TR TE

X2 X3 X4 X5
Ps() = 1+ x+ i+ it ot s

Therefore, to 8 decimal places (except where fewer su ce),exhave

P4(x)

X et P1(x) | P2(x) Ps(x) P4(x) Ps(x)

0:1)/1:10517091 1:1 | 1:105|1:105166661:105170831:10517091

0:5]1:64872127 1.5 | 1:625|1:645833331:648437491:64869791

1 (|2:71828182 2 2:5 | 2:666666662:708333332:71666666

Note from the table that, as in earlier examples, an increase the
degree of the polynomial gives better accuracy, and an inase in the
distance away from zero gives less accuracy.

Exercise

Using a calculator, compaféx) = In(1+ x) and its Maclaurin polynomials
P1, P2, PzandP, at x =0:1; 0:25and0:5.

Example 10.5 Find the Maclaurin polynomial of degree 5 for each of the futions
1. f(x)=sinx, 2. f(x)=cosx.
Solution 1. We nd

9 8
f (x) =sin x; f(0)=0;
fo(x)=cosx;§ % fqO)=1;
f%%) = sinx; = g f 9%%0) = 0;
fO%) = cosx; and so fQ0) = 1;
f @ (x) = sin x; % § f@(0)=0;
f ®(x) = cosx; ©fO0)=1:

Therefore,

Ps(x) = f(0)+ f0)x+ fo;?)X“ fo;(}) N

() ®)
L1090 4, 190
4! 5!




10{14 CHAPTER 10. TAYLOR SERIES

_ 0, 15, 0, 15

= 0+1 x+§x +§x +mx +§x
x3  x°

= X a‘l‘a:

Note that this example shows where the three polynomials in
Example 10.1 come from: they are the Maclaurin polynomiald o
degrees 1, 3 and 5 for the functioh (x) = sin Xx.

2. We nd 9 8
f (x) = cosx; f(0)=1,
fqx) = sinx;% % f90)=0;
f¥x) = cosx; = g f%0)= 1,
and so
f 0%) = sin x; f 0%0) = 0;
f @ (x) = cosx; f@0)=1;
fO(x)= sinx; - fO@0)=0:
Therefore,
1 0 1 0
Ps(x) = 1+0 x+ Ex2+ §x3+ mx“+ §x5
xZ x4
=1 TR
Note that sincef ® (0) = 0, we in fact have
x2 x4
P4s(X) = P5s(x) =1 51 + I:

010.2.4 Error estimates

Maclaurin polynomials yield approximate values of functions, not usu-
ally exact values. It is important in applications to know hav close
our approximation is to the correct answer, or how high the dgee of
our Maclaurin polynomial should be to guarantee the requicklevel of
accuracy.

The mathematical theory required to deal with this issue isala-
tively advanced, and certainly more advanced than our worknithis
course, but it is vital at least to be aware of the issue.

We will do no more in these notes on the question than to look
quickly at an example, to see how the issue might be addresseda
more detailed study of Maclaurin polynomials.
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By referring to Examples 10.2 and 10.4 (see also the table iecs
tion 10.4.2, below), it is easy to check that the Maclaurin pgnomial
of degreen for the function f (x) = € is given by
x2 %3 XN X gk
1+x+ —+ —+ + — = —
2! 3! n! K!
k=0
It can also be shown, by calculus methods beyond the scope bist
course, that for 0  x 1, the value of this polynomial is within

of the exact value ofe*. That is,

(n+21)!
Xk 4

¢ kS (D

for 0 x 1
k=

Therefore, if we want to calculate the value of, sa)e% to 4 decimal
places, we can achieve this by choosing a value of the degnewhich
makes

<0 '
n+1) 0:0001

A little experimentation shows that taking n = 7 will su ce:

4 _4_ 4

T+ 81" 020" 0:0000992:: < 0:000¢

Our Maclaurin polynomial approximation to ez is therefore

X (Lh X1
(2) = ——_ 1:64872116:::

kI 2kK!
k=0 k=0

L

ez

The true value is .
ez =1:64872127::;

and we see that the approximation has an error of only.@0000010: :,

4

and is in fact accurate to 7 places. (The boun(%i on the error
P ( n+1)!

was anupper bound only: the error is guaranteed to be less than this,

and may in some situations be substantially less.)
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Exercise 10A

Find the Maclaurin polynomial for the
given function f of the given degreen.
(@ f(x)=tan xforn=3

(b) f(x)=sinhx forn=7

(c) f(x)=sinh x forn=8

(d) f(x)=secx forn=4

© )= 7

(@) Find the Maclaurin polynomial of de-
gree 3 forf (x) =2x3+ x2 3x+7.

(b) We know that the Maclaurin polyno-
mial of degreen for a polynomial f of
degreen is just f itself.

forn=5

(@)

CHAPTER 10. TAYLOR SERIES

Discuss the Maclaurin polynomials
for f of degrees other thann, both
smaller and larger.

Suppose that f is an even function
(i.e., that f(x) = f( x) for all x).
Show that the Maclaurin polynomials
for f only contain even powers ofx.

(b) State and prove a similar result if f

()

is an odd function (i.e., if f(x) =
f( x) for all x).

Give examples to illustrate parts (a)

and (b).

1103 Taylor Polynomials

So far, we have only looked at approximating a functionear the origin:
our Maclaurin polynomial approximations are generally accate near
x = 0, but become inaccurate as we move away from 0. To approxinea
a function well near some other poinix = a, we use what is called a

Taylor polynomial.



The name

The Taylor poly-
nomials are named
after the British
mathematician,

philosopher  and
painter Brook Tay-
lor (1685{1731).
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Taylor Polynomials

The Taylor polynomial of degree n for the func-
tion f about the pointx = a is the polynomialT, of
degreen given by

To(x) = f(o())fa)(x a)° + f(lifa)(x a)t
+f(2;fa)(x a)2 + f(?’;#(x a)?
+f(:!(a)(x a)"
Xy,

Note that, as with the Maclaurin polynomial, the de nition only makes
sense if the given functiorf can be di erentiated n times atx = a.

Note also that the Maclaurin polynomial is a special case of the
Taylor polynomial: if we seta = 0 in the Taylor polynomial, we get
precisely the Maclaurin polynomial. Thus, we could if we wiged elim-
inate Maclaurin polynomials altogether, and talk only abot Taylor
polynomials, but it is conventional and helpful in the procss of under-
standing to introduce Maclaurin polynomials rst, and they are also
encountered very commonly in applications.

In passing, we note that our considerations earlier about r@r esti-
mation for Maclaurin polynomial approximations apply with no essen-
tial change in the case of Taylor polynomials.

1
v

Find the Taylor polynomial of degree 4 abouta = 2 for f (x) = 1
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8
f(2= 1,
f92)=1;

Solution Di erentiating, we nd
1

9
0= G )é

f %x) = a 2 )3, and so, puttingx = a=2, _f%2)= 2
%)= 1°%2) =3
f@(x)= % T f@@)= 4
Therefore,
Tax) = fQ@+FY2)(x 2)+ fo;2)0( 2)?
+ fo;fz) (x 2%+ f(4;$2) x 2)

1+1 (x 2) %(x 2)2+%(x 2)° %(x 2)*

1+(x 2) (x 2P%+(x 2@ (x 2%
Example 10.8  Find the Taylor polynomial of degree 6 about = > for f (x) = sin x.

Solution Di erentiating, we nd

f (X) = sin x 8f()—

f {x) = cosx; fY3)=0;
foRx)= sinx; 3 % %)= 1
fO%) = cosx; and so, puttingx = a= 3, f9%;5)=0

f @ (x) =sin x; f@(z)=1
f ®(x) = cosx; fe(5)=0
fOX)= sinx;" T fO(5)= 1
Therefore,
T = Hp) 1 D 2 pre Ty
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+%(x 5)4+f(5:3(!§)( 3)° f(6;(!5)(X 3)°
= 140(x ;) Sk ) %(X e

P e )P gk )
=1 %( 5)2+$(X 3)* é(x 2)°
= 1S DX ) ox )

1. Show that the Taylor polynomial T4(x) 2. Find the Taylor polynomial for the given

about a=1 for f (x)=In x is given by function f, about the given point a, and of
2 3 4 the given degreen.
(x 1) x 1, x 1 x 1 @ f(x)= &:a=1:n=4

3 4
(b) f(x)=cosx;a= z;n=3

© f(x)= "X;a=9; n=4
(d) f(x)=tan 'x;a=1; n=3

0104 Maclaurin and Taylor Series

We have seen that for the functions commonly encountered, wan form
Maclaurin polynomials and Taylor polynomials of all degre® and that
these give better and better approximations as the degreecieases.
We now consider the ‘limiting case' of this process: we comesi the
in nite series obtained by adding togetherall the Maclaurin or Taylor
polynomial terms, without a bound on their degree.

We know that the Taylor polynomial for f about a of degreen is
de ned by

(n)
G

Ta(x) = f(@+ fYa)(x a)+ fo?a)(x a)® + n!

2!

x a"
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0@
= X an
k=0

and that the formula makes sense provided th&t can be di erentiated
n times atx = a.

Suppose now thatf is in nitely di erentiable at the point a|
that is, that we can di erentiate f at a arbitrarily many times. Then
we de ne the Taylor series expansion off about the point a to be the
in nite series

f (a) + f Ya)(x a)+f0§!a)(x )2+ +f(:!(a)(x a)" +
XE0@,
= . o x a™

The point a is called thecentre of the expansion . In the case when
the centre is 0, we have théMaclaurin series for f :

f0 £ (n) R
f (0) + f A0)x + Qo)x2 o 2 O = ©) 4.
21 n! n!
n=0
1. The Maclaurin series fore* is:
2 X3 Xn )4- Xn
1+x+ —+ —+ + —+ = —:
21 3l n! o n!
n:

This series is especially easy to calculate (refer back toratal-
culation of some of the corresponding Maclaurin polynommlin
Example 10.2): thenth derivative of € is just € again for all n,
and so we have

fMoO)y=¢€e"=1

for all n, which immediately gives us the Maclaurin series

AR ONSE S
- N -

2.  The Taylor series for Inx with centre a=1 is:

(x 17 (x 1 (x 1)
(1) 2 T3 4 "
_X oy x 1y

n

n=1
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, 1 , .
3.  The Taylor series forl x with centre a= 2 is:

1+(x 2) (x 2%+(x 2)°
A
= ()" 2™

n=0

Exercise

Carry out the calculations for the second and third examgbese.

f104.1 Convergence of Maclaurin and Taylor series

As soon as we write down in nite sums or in nite series, as weadwhen
we de ne Maclaurin and Taylor series, a serious question ads of what
those sums mean.

Note that nite sums present no problem: we can always add a
nite number of terms together and get a well de ned nite answer.
In particular, Maclaurin and Taylor polynomials are de ned as nite
sums, and their values are always de ned and can always be quued
exactly.

But in nite sums or serieslo present a problem: sometimes they
yield a well de ned nite value, and sometimes they do not. Ifa series
yields a value, we say that the seriesonverges, and if it does not,
that it diverges . For example, the in nite series

R
1=1+1+1+1+

n=1

does not yield any nite value|the sum gets larger and larger without
bound as more and more terms are included|and is therefore dergent,
while the series
X1 1 1 1 1
— =2+ T+ T+ —+
n 2 4 8 16
n=1
is a well known convergent geometric series, with a sum of 1.
The Maclaurin series or Taylor series of a functioh, in particular,
may yield a well de ned nite sum for some values ok and may fail to
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do so for other values ok. Furthermore, if the series does converge for
some particular value ofx, it is not necessarily the case that its sum is
actually the value f (x).

Now the issue of convergence of in nite series|what it meangpre-
cisely, how to test for it, how to calculate or estimate the sm when a
series does converge, and so onlis not the subject of this cpger of
the course, but is addressed in the chapter on Sequences amdie3.
We will therefore not attempt to discuss it thoroughly here.Once the
material of both these chapters has been covered, you shouédurn to
the topic of Maclaurin and Taylor series and re-examine it ithe light
of the understanding of the idea of convergence that you hagained
from the Sequences and Series work.

We will do no more here than to brie y examine a couple of exam-
ples.

1. We have seen in Example 10.9 (see also the table in sectiOm12,
below) that the Maclaurin series fore* is:
X2 X3 XN )4- XN
1+x+ —+ —+ + —+ = )

21 3 n! o

It can be shown that this series converges for all values ofeth
variable X.

2. On the other hand, the function 1 !

can be shown easily (ex-

ercise!) to have the Maclaurin series

1+x+ X2+ x3+ +x"+ = X

(again, see the table in section 10.4.2), and this series gerges
only for x in the rangejxj < 1.

Note the following two special cases of this second seriesh&u
x =1, we have the divergent series

R
1=1+1+1+1+

n=1
examined above, while whex = % we have the convergent geo-
metric series
X
n

n=1
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also introduced above. (Note that divergence fox = 1 and con-
vergence foix = 1 are consistent with our claim that the Maclau-
rin series above converges only whggj < 1.)

§10.4.2 Some standard Maclaurin series

Because of their importance, many Maclaurin series and Tayl series
have been calculated. A table of the most important Maclauni series
follows. It is a requirement for success that you are familiavith these.
Note that a few of the series have standard names, some of wwhyou
will have met already.

For each series, the region of convergence|the range of vads ofx
for which the series converges|is noted; as our examples at® showed,
this neednot be the whole of the real line. When the series in the table
do converge, however, it is known that the sums they converge toe
precisely the values of the respective functions. This alle us not
merely to say, for example, that the Maclaurin series fog is

x? X3 X" R xn
ZTI TR nt
n=0

and is convergent for allx, but also speci cally that for all x,

2 X3 n
= 1+ X+ —+ Y
€ = 1+ x+ o+ g ni
—_ )4 Xn
- "
n=0 n

We can then substitute any chosen value fot into the series and obtain
a correct formula. Settingx = 1, for example, we have

1 1 1
e = 1+1+ §+§+ +m+
X o1
=0 n!

There are in fact functionsf whose Maclaurin series converge for
all x but which do not converge td (x)! This awkward behaviour is,
however, unlikely amongst the functions we commonly deal thi and,
as we said above, does not occur amongst the functions preednin
the table.
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Function Maclaurin Series Region of
Convergence
1 1+ X+ X2+ x3+ +x"+ .
1 ' . Xj<1
X Geometric Series
pp 1), plp L 2) 3
Loy =X 3] X
+
all x whenp 2 N,
@+x° | PP D 2 (P n+d) . | _
Y jXj < 1 otherwise
+
Binomial Series
2 X3 Xn
e 1+x+§+§+ +m+ all x
X2 X3 Xn o
In(1+ x) | x >+ 3 +( 1)”+1F+ ixj< 1
] X3 X5 . X2n+l
sinx X §+§ +( 1)W+ all x
x2 x4 oox2n
COSX 1 el + ] +( 1) @n) + all x
] 3 X5 X2n+l
sinhx x+§+§+ +m+ all x
X2 X4 X2n
coshx 1+ §+ E+ + 2 + all x
X3 X5 , X2n+l
tan 1x |X 3T FH Y N+l jXj<1
Gregory's Series
3 5 2n+1
1 S X .
tanh ~x x+3+5 +2n+1+ Xj<1
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Exercise 10C

1. Generate the Maclaurin series expansion

for each of the functions in the table on
the previous page.

Generate the Maclaurin series expansion
for each of the following functions.

l X
@ 135 (b) 2
(c) 1 sinx (d) cos
(e) sinh( x) (f) 2coshx 1
@ @ x)?

Generate the Taylor series expansion for
each of the following functions about the
given point.

(a) € abouta=1

(b) sinx about a=

ol

(c) cosx about a=

wl

(d) Inx abouta=1

Find the Maclaurin polynomials P;, P3
and Ps for f(x) = sinx. Using a cal-
culator, if needed, evaluate each of these
polynomials at the points 0, 0:25, G5, 0:75
and 1. Compare the values obtained with
the corresponding values forf (x).

Find the Taylor polynomials T; and T4 for
In x with centre 1, and evaluate them at 1,
1:25, 15, 175 and 2. Compare with the
values of Inx.

It can be shown that the Maclaurin poly-
nomial Pyn41 for sinx, namely,

3 5 2n+1
x mra Do
3! 5l (2n + 1)!
jxj2n+2
has an error of at most-—————— for all x.
(2n + 2)!

Use this fact to compute an approximation

of sin(0:2 which is accurate to 8 decimal
places. (This was one of the four exam-
ples with which we started this chapter on

Taylor series.)



