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9.

Question 1 (Use a separate book for your answers to Question 1.)

(a) Consider the system of equations Az = b, where
1 2 2 2
A=11 1 1 and b= 0
3 =3 -1 0

(i) Row reduce the augmented matrix (A|I]p) to solve for z and to find A~!.
(ii) Verify that g = A™'b.

(iii) Write down the elementary matrices corresponding to the row operations performed
in part (a)(i), which put A in reduced row echelon form.
Write out an expression for A™! in terms of these elementary matrices. (Do not
multiply the elementary matrices together.)

(b) Give brief answers (a few lines) to the following. Show working, if required.

10 20

(i) Evaluate Z Z 0ij (2055 4 diyaj)-

i=1 j=1

(i) IfA~! = <§ ;) and B~! = <? i), evaluate (AB)~! and (AT)~L

2
(iii) Find the determinant of A = 1
2

co O
S W

(iv) Let A and B be n x n matrices. Explain why
(A+ B)?2 = A2 + 2AB + B?

is not, in general, valid.

(v) Let A be a 3 x 3 matrix. Show that the matrix B = A + AT is symmetric.
(vi) Consider the augmented matrix

(a, b 0)
c d|0)’
Show that the system has non-trivial solutions when ad — bc = 0. You can assume
that a # 0.
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Question 2 (Use a separate book for your answers to Question 2.)

(a) Simplify as far as possible the expression

Veot?2 0+ 1v/1 —sin? 6
Vsec2 — 1 '

b) (i) Show that (z —5) is a factor of f(z) = 223 — 1122 + 2z + 15.
(

(ii) Using long division, or otherwise, find all the factors of f(z).

(¢) Solve for z in the equation sinz + vV3cosz =0, 0<z < 2.

Give your answers in terms of 7.

(d) Tet f(z) = i;f

(i) Sketch f(x).

(i) Write down the largest domain and range of f(x).

(iii) Does the inverse function, f~1(x), exist? If so, find an expression for f~!. If not,

explain why.
(e) Prove that cosh?z — sinh®z = 1.

(f) Find the following limits, if they exist.

sin 2z

r—7/2 COST

(i) lim 23 — 42% + 9z — 36
r—4 2 +5

(v) 1 3zt — 22 42
iv im ————M—
z—oo Hrt + 3 +1

242 — 3 4
(v) lim pT STt

Z— 00 r—1
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Question 3 (Use a separate book for your answers to Question 3.)

(a) Let g=(2,—1,3) and b = (1,2,2). Compute the following.

5b — 3a

g-b

The angle between g and b.
axb

The component of g on b (that is, the length of the projection of g on b).

(b) Let P =(1,5,1) and Q = (2,7,—1).

Write down the equation of the line, £, through P and Q.
Find the distance of the line £, found in part (b)(i), from the origin (0,0,0).

Find the equation of the line, £5, which passes through R = (2,4,5) and is parallel
to g = (3,0,1).

Determine whether the lines £q, found in part (b)(i), and £, found in part (b)(iii),
intersect, are parallel or are skew. If the lines intersect, find the point of intersection.
If the lines are skew, find the distance between them.

(¢) Let A=(1,1,1), B=(-3,0,3) and C = (7,1, —6).

(i)
(i)
(iii)

Find an equation representing the plane, Py, through A, B and C.
Find a vector n normal to the plane P;, found in part (c)(i).

Find the equation of the line, £3, which passes through the point (—1,0,1) and is
perpendicular to the plane Py, found in part (c)(i).

Find the intersection of P, found in part (c)(i), with the plane Py whose equation is
T —2y+z=3.

(d) Interpret geometrically the result

2
pEsl
X

e
I
o
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Question 4 (Use a separate book for your answers to Question 4.)
(a) (i) Simplify cos(sin™!z) for |z| < 1.

1
V1—gz2

d
(ii) Show that T (sin™'z) =

(b) Differentiate the following functions with respect to x.

(i) «cosh(z?)

(ii) sinx

i) —
2+ coszx

(iii)) Invz?2+1

(iv) z*

2

) /1 " sin(cost) dt

; d
(¢) If y is given implicitly by the equation ze®"Y = e¥, find % in terms of & and Y.
b
d) A curve is defined by the parametric equations
( y the p q
r =sint and y = cost.
d2

d
Calculate d_gm/ and d—xg in terms of ¢.

(e) (i) A point is given in polar coordinates by (-1, —2F).

A. Give another polar representation of this point with r > 0.

B. Find the Cartesian coordinates of this point.

(ii) A curve is described by the Cartesian equation
7?2 + y? = 2zy.

Express the equation of the curve in its simplest polar form.

(f) Evaluate the following integrals.

(i) / (cos? z —sin’ z) dz

@ | fi—ﬂ
(iii)

T dr

o Vzz +1
/2 ]
(iv) / 7 g
o 1+siné

) / (nz)?

x

3K 3K 3K 3K 3k ok sk kK ok 3k 3k sk sk sk okok sk kR koskoskoskoskok
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[10]

[11]

[12]

[13]

[14]

[15]

[16]
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TABLE OF INTEGRALS
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—cosx +c
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a
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| aent = taymra
1 1
/\/wzzi:azda: = §x\/$2:|:a2:l:§a2ln‘$+ 22 + g2
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1 -1
/sin"xdm = —Zcoszsin” tx + n /sin”_2xdx
n n
1 -1
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n n
n 1 n—1 n—2
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n—2
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